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ABSTRACT 
The SCARE (Structural Ceramics Analysis and Reli- 
ability Evaluation) computer proqramon statistical 
fast fracture reliability analysis with quadratic ele- 
ments for volume distributed imperfections is enhanced 
to include the use of linear finite elements and the 
capability o f  designing against concurrent surface flaw 
induced ceramic component failure. 
presently coupled as a postprocessor to the YSC/NASTRAN 
general purpose, finite element analysis program. The 
improved version now includes the Weibull and Batdorf 
statistical failure theories for both surface and vol- 
ume flaw based reliability analysis. The program uses 
the two-parameter Weibull fracture strength cumulative 
failure probability distribution model with the prin- 
ciple of independent action for polyaxial stress 
states, and Batdorf's shear-sensitive as well as shear- 
insensitive statistical theories. The shear-sensitive 
surface crack confiqurations include the Griffith crack 
and Griffith notch geometries, tisifig the tatal critical 
coplanar strain enerqy release rate criterion to pre- 
dict mixed-mode fracture. Weibull material parameters 
based on both surface and volume flaw induced fracture 
can also be calculated from modulus of rupture bar 
tests, using the least squares method with known speci- 
men geometry and grouped fracture data. The surface 
flaw reliability prediction uses MSCINASTRAN stress, 
temperature, and external boundary area output, 
obtained from the use of linear or quadratic shell and 
three-dimensional isoparametric finite elements. The 
statistical fast fracture theories for surface flaw 
induced failure, along with selected input and output 
formats and options, are summarized. An example prob- 
lem to demonstrate various features of the program is 
i ncl uded. 
INTRODUCTION 
The SCARE code is 
Brittle structures characteristically exhibit a 
large variation in fracture stress which must be taken 
into account in design. 
strength of nominally identical components is due to 
the presence of invisible material imperfections. 
This variation in observed 
These imperfections are assumed to have a distribution 
in strenqth and the structure is assumed to fail when 
the strength of the weakest flaw or link i s  exceeded. 
Structural ceramics are known to contain at least two 
concurrent types of material imperfections or flaw 
populations. One type of unavoidable flaws arise from 
material processing, which are usually restricted to 
the interior of the structure and are referred to as 
volume or intrinsic flaws. 
with distinctly different structural response exists 
on the surface of a ceramic component. These external 
surface or extrinsic flaws can arise from qrinding or 
other finishinq operations, or maybe the result of 
environmental factors or of the intrinsic porosity 
intersectinq the external surface. Statistical fast 
fracture models, based on weakest link theories (WLT) 
of Weibull, have been previously developed for both 
tyDes of flaw populations (Weibull, 1939; Rufin et al., 
1984; Wertz and Heitman. 1980; Batdorf, 1978; Johnson, 
1983). Recently, a public domain qeneral ourpose 
reliability code called SCARE has been qenerated 
(Gyekenyesi, 1986) to predict the fast fracture 
response of ceramic structures due to volume distrib- 
uted flaws. It is the purpose of this DaDer to 
describe enhancements to the SCARE proqram which will 
allow reliability analysis with linear or quadratic 
elements of ceramic components due to the presence of 
a concurrent surface distributed flaw population. 
Consequently, fracture caused by either internal or 
external flaws can then be accounted for in the design 
process. 
the scatter in fracture strength of brittle materials 
was introduced by Weibull (1939). His model was based 
on the weakest link theory and required certain statis- 
tical parameters to phenomenologically describe the 
failure response of a material. These statistical 
parameters were usually determined from uniaxially 
loaded, simple qeometry specimens. To predict mate- 
rial behavior in other stress states usinq statistical 
parameters from uniaxial tests, Weibull proposed calcu- 
latinq the risk of rupture by averaqinq the tensile 
normal stress in all directions. Since this aporoach 
is arbitrary and requires numerical modelinq, other 
Another flaw population 
The first probabilistic method used to account for 
1 
approaches were subsequent ly i n t roduced .  
w i d e l y  used o f  t hese  i s  the  p r i n c i p l e  o f  independent 
a c t i o n  (P IA )  model, which i s  based on t h e  assumption 
t h a t  t h e  p r i n c i p a l  s t resses  a c t  independent ly .  The P I A  
f r a c t u r e  t h e o r y  i s  t h e  s t a t i s t i c a l  v e r s i o n  o f  t h e  maxi- 
mum s t r e s s  f a i l u r e  theory,  which was w i d e l y  used i n  
e a r l y  m e t a l l i c  s t r u c t u r e  design. 
n e n t s  i n  t h e  government sponsored advanced gas t u r b i n e  
(AGT) programs used e i t h e r  o r  b o t h  o f  t h e  above 
desc r ibed  p o l y a x i a l  s t a t i s t i c a l  f a i l u r e  models. Bo th  
o f  t h e s e  f r a c t u r e  theo r ies ,  however, can l e a d  t o  unsa fe  
e s t i m a t e s  o f  f a i l u r e  (Gyekenyesi, 1986) s i n c e  t h e y  b o t h  
n e q l e c t  t h e  shear  fo rce ,  and i n  case o f  t h e  P I A  hypoth- 
e s i s ,  t h e  e f f e c t s  o f  combined p r i n c i p a l  s t resses .  
t e r i o n  i n t o  a s t a t i s t i c a l l y  hased a n a l y s i s  model t o  
more a c c u r a t e l y  p r e d i c t  t he  onset  o f  c a t a s t r o p h i c  c rack  
p ropaqa t ion ,  B a t d o r f  developed a new t h e o r v  which a l s o  
a p p l i e s  t o  b r i t t l e  m a t e r i a l s  i n  wh ich  t h e  c racks  a r e  
c o n f i n e d  t o  t h e  s u r f a c e  (Batdor f ,  1973; B a t d o r f  and 
He in i sch ,  1978).  He assumed t h a t  t h e  c racks  a r e  ran -  
domly o r i e n t e d ,  t h a t  t h e y  a r e  Derpend icu la r  t o  t h e  
boundary and t h a t  t h e y  do n o t  i n t e r a c t .  The s i z e s  of 
t h e  c r a c k s  a r e  n o t  e x p l i c i t l y  t r e a t e d  and f r a c t u r e  
o c c u r s  when t h e  remote macroscopic s t r e s s  normal t o  t h e  
c rack  p l a n e  exceeds some c r i t i c a l  s t r e s s ,  uCr, charac-  
t e r i z i n g  t h a t  p a r t i c u l a r  crack.  S ince  t h e  c racks  a r e  
assumed normal t o  t h e  surface, c rack  o r i e n t a t i o n  i s  
g i v e n  b y  a s i n g l e  angular  measure r a t h e r  than  two, as 
i n  t h e  case o f  volume d i s t r i b u t e d  f l aws .  T h i s  s i m p l i -  
f i c a t i o n  i s  n o t  always invoked ( S h e t t y  e t  al.,. 1984),  
a l t h o u g h  t h e r e  i s  s t r o n g  exper imenta l  ev idence t h a t  i t  
i s  j u s t i f i e d  ( B a t d o r f  , 1973). 
I n  adding t h e  i n f l u e n c e  o f  shear  l o a d i n q  on  t h e  
c rack  face,  t h e  e x t e r n a l  f l aws  a r e  c u r r e n t l y  modeled 
as G r i f f i t h  c racks  and G r i f f i t h  notches.  U n l i k e  w i t h  
i n t e r n a l  f l a w  a n a l y s i s  i n  SCARE, o n l y  t h e  t o t a l  c r i t i -  
c a l  c o p l a n a r  s t r a i n  energy r e l e a s e  r a t e ,  Gc, c r i t e r i o n  
i s  used t o  p r e d i c t  mixed-mode f r a c t u r e  (Samos, 1982), 
and t h e  maximum t e n s i l e  s t ress  c r i t e r i o n ,  as desc r ibed  
b y  B a t d o r f  and H e i n i s c h  (1978), i s  n o t  implemented f o r  
s u r f a c e  c r a c k s  i n  t h e  proqram. I t  has a l s o  been con- 
c l u d e d  ( B a t d o r f  and Heinisch, 1978) t h a t  t h e  G r i f f i t h  
c rack  i s  n o t  an approp r ia te  m d e l  o f  a t y p i c a l  s u r f a c e  
i m p e r f e c t i o n ,  and i s  inc luded he re  m a i n l y  f o r  h i s t o r i -  
c a l  and f o r  academic reasons. 
Su r face  f l a w  based r e l i a b i l i t y  a n a l y s i s  has been 
implemented i n  b o t h  t h e  S C A R E l  and SCARE2 ve rs ions  o f  
t h e  pos tp rocesso r  proqram (Gyekenyesi , 1986). S C A R E l  
uses o n l y  e lemen ta l  c e n t r o i d a l  p r i n c i p a l  s t resses  t o  
c a l c u l a t e  r e l i a b i l i t y .  I n  t h e  SCARE2 v e r s i o n  o f  t h e  
code, a l l  l i n e a r  o r  quadra t i c  QUAD8 s h e l l  e lements a r e  
f u r t h e r  d i s c r e t i z e d  i n t o  9 subelements, which a r e  t h e n  
used w i t h  i n t e r p o l a t e d  p r i n c i p a l  s t r e s s e s  t o  p e r f o r m  
a l l  a n a l y s i s .  I n  o r d e r  t o  i d e n t i f y  e x t e r n a l  bound- 
a r i e s ,  c a l c u l a t e  t h e i r  surface areas and o b t a i n  c o r r e -  
sponding s u r f a c e  s t r e s s  s ta tes ,  a p p r o p r i a t e  MSC/NASTRAN 
s h e l l  e lements o f  n e g l i g i b l e  s t i f f n e s s  a r e  used, 
t o g e t h e r  w i t h  t h e  p r e v i o u s l y  s e l e c t e d  three-d imensional  
HEXA and PENTA elements.  The s e l e c t i v e  use o f  s h e l l  
e lements p e r m i t s  t h e  i d e n t i f i c a t i o n  o f  o n l y  those  
e x t e r n a l  a reas  wh ich  con ta in  p o t e n t i a l l y  f a i l u r e -  
c a u s i n g  f l a w s ,  and i t  can iqno re  boundar ies f r o m  which 
f r a c t u r e  i s  n o t  l i k e l y ,  such as f i n i t e  element model 
symmetry p lanes  o r  compress ive ly  l oaded  e x t e r n a l  
su r faces .  
PROGRAM CAPABILITY AND DESCRIPTION 
The most 
Most ceramic compo- 
I n  o r d e r  t o  i n t roduce  a mechan is t i c  f r a c t u r e  c r i -  
The a r c h i t e c t u r e  and b a s i c  compu ta t i ona l  e lements 
o f  t h e  pos tp rocesso r  proqram a r e  desc r ibed  b y  
Gyekenyesi (1986). F i g u r e  1 shows t h e  f l o w c h a r t  f o r  
t h e  new s u r f a c e  f l a w  SCARE2 r e l i a b i l i t y  a n a l y s i s  code, 
which i s  des iqned t o  be i d e n t i c a l  i n  i t s  sequence o f  
c a l c u l a t i o n s  t o  t h e  p r e v i o u s l y  developed volume f l a w  
a n a l v s i s .  F o r  compu ta t i ona l  e f f i c i e n c y ,  a l l  e x p e r i -  
menta l  f r a c t u r e  s t r e s s e s  as w e l l  as a l l  e lementa l  
p r i n c i p a l  s t r e s s e s  a r e  normal ized.  When u s i n q  t h e  
W e i b u l l  s c a l e  parameter,  o0, as t h e  n o r m a l i z i n q  
f a c t o r ,  i t  i s  i m p o r t a n t  t o  n o t e  t h a t  d i f f e r e n t  va lues 
of  0" a r e  q e n e r a l l y  used i n  t h e  volume and s u r f a c e  
f l a w  c a l c u l a t i o n s .  F o r  e f f i c i e n t  t r a n s f e r  o f  
MSC/NASTRAN o u t o u t  da ta  t o  SCARE, FORTRAN l o q i c a l  u n i t s  
3, 4, and 7 a r e  used. 
t h rouqh  l o q i c a l  u n i t s  3 ,  5, and 7 w h i l e  t h e  o u t o u t  i s  
s t o r e d  on  u n i t  1. 
f r a c t u r e  c r i t e r i a ,  c rack  c o n f i q u r a t i o n s ,  and tempera- 
t u r e  dependent s t a t i s t i c a l  m a t e r i a l  parameters.  Uni-  
a x i a l ,  s u r f a c e  f l a w  induced, f r a c t u r e  d a t a  a lonq w i t +  
specimen aeometry f r o m  f o u r - p o i n t  bend t e s t s  can he  
used t o  c a l c u l a t e  We ihu l l  parameters and t h e  B a t d o r f  
f l a w  d e n s i t y  c o e f f i c i e n t .  
a b l e  o p t i o n s  i n  f r a c t u r e  c r i t e r i a  and f l a w  c o n f i q u r a -  
t i o n s  used t o  model su r face  imper fec t i ons .  Note t h a t  
two o f  t h e  f a i l u r e  c r i t e r i a  a r e  f o r  s h e a r - i n s e n s i t i v e  
cracks,  even i n  m u l t i d i m e n s i o n a l  s t r e s s  s t a t e s .  The 
o t h e r  two a r e  used f o r  t h e  s h e a r - s e n s i t i v e  models, 
where t h e  mechan is t i c  Gc f r a c t u r e  c r i t e r i o n  i s  
employed t o  D r e d i c t  component r e l i a b i l i t y .  
a v a i l a b l e  c r i t e r i a  and c r a c k  c o n f i q u r a t i o n s  shown i n  
F iq .  2, t h e  G r i f f i t h  n o t c h  w i t h  t h e  Gc c r i t e r i o n  
has t h e  h i q h e s t  s h e a r - s e n s i t i v i t y  and hence, t h e  h iqh -  
e s t  f a i l u r e  p r o b a b i l i t y  f o r  a q i v e n  s t r u c t u r e ,  w h i l e  
t h e  PIA approach y i e l d s  c o n s i s t e n t l v  t h e  l owes t  f a i l u r e  
es t ima te .  I t  shou ld  a l s o  be  no ted  t h a t  t h e  B a t d o r f  
s h e a r - i n s e n s i t i v e  f r a c t u r e  model i s  c o n c e p t u a l l v  iden-  
t i c a l  t o  t h e  o r i q i n a l l y  proposed We ibu l l  normal s t r e s s  
ave raq inq  method, a l t houqh  i t  has been recoqn ized  e a r l y  
t h a t ,  when u s i n q  t h i s  method, an a m p l i f i c a t i o n  f a c t o r  
i s  r e q u i r e d  t o  accentuate t h e  m a t e r i a l s  s e n s i t i v i t y  t o  
s u r f a c e  d e f e c t s  (Paluszny and Wu, 1977). No such f a c -  
t o r s ,  however, a r e  used i n  t h e  c u r r e n t  v e r s i o n  o f  t h e  
SCARE code. 
s u r f a c e  s t r e s s  s t a t e s ,  t h e  e x i s t e n c e  o f  o n l y  two sur-  
f a c e  p r i n c i D a 1  s t r e s s e s  i s  i n t r i n s i c  t o  t h e  a n a l v s i s .  
I n  o r d e r  t o  use WLT, any compressive e lementa l  p r i n c i -  
p a l  s t r e s s  i s  n o t  p e r m i t t e d  t o  exceed t h r e e  t imes  t h e  
t e n s i l e  p r i n c i p a l  s t r e s s  i n  ahso lu te  value. Otherwise, 
comoressive s t r e s s  s t a t e  predominates and t h e  c o r r e -  
spondinq r e l i a b i l i t y  i s  s e t  eaual  t o  u n i t y .  J u s t  l i k e  
i n  u n i a x i a l  compressive l oad inq ,  when u s i n q  t h e  P I A  
model w i t h  We ibu l l  s t a t i s t i c s ,  f r a c t u r e  due t o  com- 
p r e s s i o n  i s  i nadmiss ib le .  
INPUT INFORMATION 
I n p u t  t o  SCARE i s  handled 
P resen t l y ,  t h e  proqram p e r m i t s  use o f  seve ra l  
F i q u r e  2 c o n t a i n s  t h e  a v a i l -  
Amonq t h e  
I n  s e l e c t i n q  t h i n  s h e l l  e lements t o  determine 
The SCARE computer proqram r e q u i r e s  o u t p u t  f r o m  
MSC/NASTRAN e l a s t o s t a t i c  a n a l y s i s  t o  determine compo- 
nen t  f a s t  f r a c t u r e  r e l i a b i l i t y .  Gyekenyesi (1986) 
d i scusses  some o f  t h e  a v a i l a b l e  r i q i d  fo rma t  s o l u t i o n  
sequence o p t i o n s  and a l s o  how t h e  NASTRAN and SCARE 
programs i n t e r f a c e  on  t h e  Lewis l a b o r a t o r y  computer 
system. 
HEXA, PENTA, QUAD8, and TRIA6 MSC/NASTRAN l i b r a r y  e l e -  
ments, and model inq w i t h  a x i s y m n e t r i c  elements i s  n o t  
p e r m i t t e d  f o r  e x t e r n a l  f l a w  r e l i a b i l i t y  p r e d i c t i o n s .  
T h i s  r e s t r i c t i o n  i s  due t o  NASTRAN f i n i t e  element prop-  
e r t i e s  which r u l e  o u t  m i x i n q  o f  a x i s m e t r i c  elements 
w i th  any o t h e r  element t y p e  i n  a q i v e n  mesh. 
HEXA and PENTA i s o p a r a m e t r i c  elements shou ld  c o n t r i b u t e  
t o  s t r u c t u r a l  s t i f f n e s s  and t h e  p l a n a r  s h e l l  e lements 
shou ld  have n e q l i q i h l e  th i ckness ,  t, s p e c i f i e d  i n  
The s u r f a c e  f l a w  a n a l y s i s  c a p a b i l i t y  uses o n l y  
On ly  t h e  
n L 
NASTRAN ( t  = 10-6 i n .  f o r  t h e  r o t a t i n q  d i s k  example 
i n  t h i s  paper ) .  I n  a d d i t i o n  t o  t h e  p r e v i o u s l y  l i s t e d  
reasons f o r  u s i n g  s h e l l  elements, mode l i nq  a ceramic 
s t r u c t u r e  w i t h  them w i l l  a l s o  a v o i d  t h e  need f o r  e le -  
menta l  s t r e s s  t r a n s f o r m a t i o n s  when c a l c u l a t i n q  r e q u i r e d  
s u r f a c e  p r i n c i p a i  ~ i r e > ~ > .  Fur- a v a i  i a u i r  ~ L I  e ~ >  
r e c o v e r y  op t i ons ,  users shou ld  c o n s u l t  t h e  approp r ia te  
a n a l y s i s  code manuals. 
g e n e r a t i o n  programs, l i t t l e  d i f f i c u l t y  w i l l  be encoun- 
t e r e d  i n  adding t h e  r e q u i r e d  e x t e r n a l  e lements.  A 
s o l i d  element face i s  i d e n t i f i e d  as an e x t e r n a l  sur-  
f a c e  when i t s  nodes a r e  shared by  a s h e l l  e lement.  The 
m i d s i d e  nodes may o r  may n o t  be p resen t ,  b u t  c u r r e n t  
capab i1 i t . y  r e q u i r e s  t h a t  e i t h e r  t h e y  a r e  a l l  t h e r e  con- 
s i s t e n t l y ,  o r  t h e y  a r e  a l l  absent.  M i x i n g  o f  l i n e a r  o r  
q u a d r a t i c  elements i n  a g i v e n  f i n i t e  element mesh i s  
n o t  p e r m i t t e d .  When u s i n g  s h e l l  e lements,  o n l y  t h e  
membrane p r o p e r t i e s  should be invoked and t h e  uncoupled 
bending s t i f f n e s s  shou ld  n o t  be i n c l u d e d  i n  t h e  model. 
SCARE i n p u t  requi rements f o r  e x t e r n a l  f l a w  analy-  
s i s  a r e  a lmost  i d e n t i c a l  t o  t h e  i n p u t  d a t a  f o r  i n t e r n a l  
f l a w  a n a l y s i s ,  which has been p r e v i o u s l y  summarized 
(Gyekenyesi ,  1986).  The pos tp rocesso r  program i s  cap- 
a b l e  o f  d o i n g  t h e  volume and s u r f a c e  f l a w  a n a l y s i s  i n  
one execu t ion .  However, o n l y  t h e  sur face d i s t r i b u t e d  
c r a c k  c a p a b i l i t y  w i l l  be desc r ibed  i n  t h i s  paper. As 
be fo re ,  program i n p u t  can be grouped i n t o  t h r e e  cate-  
g o r i e s .  The f i r s t  category,  shown i n  F i q .  3, i s  c a l l e d  
t h e  master  c o n t r o l  deck, which i n c l u d e s  o r g a n i z a t i o n  o f  
c o n t r o l  i n d i c e s  f o r  f r a c t u r e  c r i t e r i a ,  f i n i t e  element 
model requi rements,  and m a t e r i a l  parameter format .  
Note t h a t  f o r  c a l c u l a t i n q  s t a t i s t i c a l  parameters,  data 
o n l y  f r o m  f o u r - p o i n t  bend t e s t  can c u r r e n t l y  be used. 
I n  a d d i t i o n ,  t w o - l i n e s  o r  ca rds  o f  d a t a  e n t r y  a r e  now 
r e q u i r e d  r a t h e r  than  one as i n  t h e  p r e v i o u s  volume f l a w  
a n a l y s i s .  The f r a c t u r e  c r i t e r i a  and f l a w  shapes f o r  
r e p r e s e n t i n g  volume and s u r f a c e  imper fec t i ons  can be 
i ndependen t l y  s p e c i f i e d ,  and users can s e l e c t  t o  per- 
form a n a l y s i s  f o r  volume f l a w  based f r a c t u r e  o n l y ,  f o r  
s u r f a c e  f l a w  based f r a c t u r e  on ly ,  o r  f o r  b o t h  s imul -  
t a n e o u s l y  i n  one execut ion.  
o p t i o n s  and l i m i t a t i o n s  can be found i n  t h e  program 
u s e r ' s  manual. 
The second category,  c a l l e d  t h e  specimen deck, 
uses f r a c t u r e  specimen da ta  r e q u i r e d  i n  c a l c u l a t i n g  
s t a t i s t i c a l  f r a c t u r e  parameters,  o r  d i r e c t  i n p u t  of 
m a t e r i a l  p r o p e r t i e s  i n c l u d i n g  Po isson ' s  r a t i o .  These 
m a t e r i a l  parameters a r e  g e n e r a l l y  temperature depend- 
en t .  The re fo re ,  p r o v i s i o n  i s  made f o r  i n p u t  o f  m u l t i -  
p l e  f l a w  p o p u l a t i o n s  a t  d i f f e r e n t  temperatures.  
m a t e r i a l  parameters a r e  d i r e c t l y  read, t h i s  s e c t i o n  
r e q u i r e s  f o u r - p o i n t  bend b a r  geometry and s u r f a c e  f l a w  
based f a i l u r e  s t r e s s e s  o f  t h e  sample p o p u l a t i o n .  
ext reme f i b e r  f a i l u r e  s t resses  must be arranqed i n  
ascending o r d e r  and c u r r e n t l y  up t o  200 specimens can 
be used f o r  a g i v e n  temperat i i re .  
a l s o  r e q u i r e s  t e s t  temperatures,  ar ranqed i n  ascending 
o r d e r  f o r  m u l t i p l e  temperatures,  s i n c e  c a l c u l a t e d  mate- 
r i a l  parameters a r e  i n t e r p o l a t e d  w i t h i n  SCARE. A t  a 
s p e c i f i e d  temperature,  f r a c t u r e  s t r e s s e s  must be unique 
and m u l t i p l e  va lues o f  i d e n t i c a l  magnitudes a r e  no t  
p e r m i t t e d .  
f o r  a l l  t empera tu re  t e s t s  must be t h e  same. A d d i t i o n a l  
e x p l a n a t i o n  o f  t h e  r e q u i r e d  i n p u t ,  i n c l u d i n g  s i z e  l i m i -  
t a t i o n s ,  can  be found i n  t h e  u s e r ' s  manual. 
t u r e s  deck, c o n t a i n s  r e s u l t s  o f  t h e  f i n i t e  element 
s t r u c t u r a l  a n a l y s i s  r e q u i r e d  f o r  f a i l u r e  p r o b a b i l i t y  
p r e d i c t i o n s .  These i n c l u d e  s o l i d  element volumes, 
she1 1 e lement  areas, nodal temperatures (MSCINASTRAN 
does n o t  p e r m i t  access t o  element temperatures) ,  e le -  
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The number of a v a i l a b l e  f r a c t u r e  readinqs 
The l a s t  SCARE i n p u t  category,  c a l l e d  t h e  s t r u c -  
menta l  p r i n c i p a l  s t r e s s e s  and corresponding element 
i d e n t i f i c a t i o n  numbers. I n  t h e  p resen t  ve rs ion  o f  
SCARE, which r e l i e s  on MSC/NASTRAN o u t p u t  f i l e s ,  a l l  
o f  t h i s  d a t a  i s  i n t e r n a l l y  man ipu la ted  th rouqh  sub- 
r o u t i n e  ELEM, and t h e  s t r u c t u r e s  deck r e q u i r e s  no 
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G r i d  p o i n t  temperatures i n  a f i n i t e  element mesh 
of a s e l e c t e d  component can be ob ta ined  a t  t r a n s i e n t  
o r  s teady  s t a t e  c o n d i t i o n s  f rom oe r fo rm inq  MSCINASTRAN 
thermal  a n a l y s i s .  Combining t h e  r e s u l t i n q  thermal  
l oads  w i t h  a d d i t i o n a l  mechanical  loads,  t h e  d i sp lace -  
ment and e l a s t i c  s t r e s s  f i e l d s  can then  be c a l c u l a t e d .  
F o r  s u r f a c e  f l a w  based f r a c t u r e  ana lys i s ,  s h e l l  element 
s t resses ,  areas and temperatures a r e  t h e  r e q u i r e d  ou t -  
p u t  f rom t h e  a n a l y s i s  code. 
o p t i o n s ,  use rs  shou ld  c o n s u l t  t h e  a p p r o p r i a t e  program 
manuals. The s h e l l  e lement s t r e s s e s  as w e l l  as t h e  
nodal  temperatures f r o m  MSC/NASTRAN a r e  s t o r e d  i n  
s p e c i f i e d  punch f i l e s ,  w h i l e  s u r f a c e  element areas a re  
l i s t e d  i n  t h e  proqram o u t p u t  f i l e .  Consequent ly,  
NASTRAN's punch o p t i o n  must be invoked t o  s t o r e  t h e  
r e q u i r e d  s t r e s s  and temperature d a t a  w i t h  t h e  program's 
parameter c a l l  f e a t u r e  needed t o  c a l c u l a t e  t h e  r e q u i r e d  
e lementa l  areas. 
an echo o f  i m p o r t a n t  NASTRAN f i n i t e  element a n a l y s i s  
r e s u l t s .  I d e n t i f y i n q  l a b e l s ,  e lement tyoe, and number 
o f  e lements i n  t h e  model a r e  noted.  S ince i n  a l a r q e  
f i n i t e  element mesh t h e  s t r e s s  o u t p u t  c o u l d  be exces- 
s i v e ,  p r i n t e d  element s t r e s s  t a b l e s  i n  t h e  new ve rs ion  
o f  SCARE a r e  o p t i o n a l  as shown i n  F i q .  3. I n  a d d i t i o n ,  
two new element c ross - re fe rence  t a b l e s  a r e  p r i n t e d .  
The f i r s t  t a b l e  l i s t s  t h e  s h e l l  e lement number and 
q i v e s  t h e  co r respond inq  s o l i d  element w i t h  which i t s  
q r i d  p o i n t s  a re  shared. The second t a b l e  l i s t s  t h e  
s o l i d  element i d e n t i f i c a t i o n  number and g i v e s  up t o  s i x  
assoc ia ted  s h e l l  e lements ( a  HEXA element c o u l d  have 
a l l  o f  i t s  s i x  faces  as an e x t e r n a l  s u r f a c e ) .  Element 
areas and temperatures (noda l  averaged) a re  summarized 
i n  t h e  f o l l o w i n g  t a b l e .  Next t h e  s e l e c t e d  f r a c t u r e  
model i s  i d e n t i f i e d  and t h e  room temperature s t a t i s t i -  
c a l  f r a c t u r e  parameters a r e  shown. A d d i t i o n d l l y ,  a 
t a b l e  o f  d i s c r e t e  i n p u t  temperatures w i t h  corresponding 
m a t e r i a l  parameters,  which were e i t h e r  i n t e r n a l l y  c a l -  
c u l a t e d  o r  d i r e c t l y  supp l i ed ,  i s  p r i n t e d .  Fo r  t h e  
shear -sens i t i ve  f r a c t u r e  models, t h e  c rack  shape i s  
i d e n t i f i e d  a long w i t h  a more s p e c i f i c  d e s c r i p t i o n  o f  
t h e  f r a c t u r e  c r i t e r i o n .  The l a s t  t a b l e  i n  t h e  SCARE 
o u t p u t  f i l e  c o n t a i n s  an element r e s u l t s  summary, l i s t -  
i n g  t h e  s h e l l  e lement number, co r respond inq  element 
s u r v i v a l  and f a i l u r e  p r o b a b i l i t i e s ,  and i n t e r p o l a t e d  
(based on tempera tu re )  element m a t e r i a l  parameters.  
F i n a l l y ,  t h e  o v e r a l l  component p r o b a b i l i t y  of f a i l u r e  
as w e l l  as t h e  component p r o b a b i l i t y  o f  s u r v i v a l  a r e  
p r i n t e d .  
THEORY 
For  a v a i l a b l e  ou tpu t  
The f i r s t  p a r t  of a l l  SCARE o u t p u t  da ta  con ta ins  
The most w i d e l y  used mathemat ica l  models desc r ib -  
i n g  t h e  s t a t i s t i c a l  n a t u r e  o f  f r a c t u r e  i n  b r i t t l e  mate- 
r i a l s  have been p r e v i o u s l y  summarized by  Gyekenyesi 
(1986) .  
l i n k  hypo thes i s  and t h e  two-parameter W e i b u l l  cumula- 
t i v e  s t r e n g t h  d i s t r i b u t i o n  a r e  a p p r o p r i a t e  t o  model inq 
s u r f a c e  f l a w  induced f a i l u r e  i n  ceramic s t r u c t u r e s .  
Consequent ly,  t h e  u n i a x i a l  f r a c t u r e  d a t a  i s  app rox i -  
mated by 
It i s  g e n e r a l l y  recogn ized  t h a t  t h e  weakest 
3 
where t h e  s u b s c r i p t  s denotes pa ramete rs 'assoc ia ted  
w i t h  t h e  su r face ,  Pfs 
p r o b a b i l i t y ,  aOS 
dimensions o f  s t r e s s  x (a rea)  , mS i s  t h e  W e i b u l l  
modulus which measures t h e  deqree o f  v a r i a b i l i t y ,  o s  
i s  t h e  a p p l i e d  s u r f a c e  t e n s i l e  s t r e s s ,  and A t h e  
s t r e s s e d  area. The s c a l e  parameter i s  o f t e n  c a l l e d  
t h e  u n i t  area c h a r a c t e r i s t i c  s t r e n g t h ,  and as mS 
i nc reases  i t  approaches the  m a t e r i a l ' s  u l t i m a t e  
s t r e n g t h .  The s e l e c t i v e l y  used We ibu l l  t h r e s h o l d  
s t r e s s  parameter,  uUs, i s  t aken  t o  be z e r o  i n  Eq. ( 1 )  
and i s  n o t  shown t h e r e i n .  
s u b j e c t  t o  m u l t i a x i a l  s t ress  s t a t e s ,  t h e  We ibu l l  model, 
when combined w i t h  t h e  P I A  hypothes is ,  y i e l d s  
i s  t h e  c u m u l a t i v e  f a i l u r e  
i s  t h e  sca le  parameter w i t h  
1 I m S  
I n  t h e  a n a l y s i s  o f  f a i l u r e  o f  b r i t t l e  m a t e r i a l s  
where qs and a re  t h e  p r i n c i p a l  i n -p lane  
s t r e s s e s  a c t i n g  on t h e  sur face of  t h e  s t r u c t u r e .  
Equa t ion  ( 2 )  has been w ide ly  used i n  t h e  p a s t  t o  e s t i -  
mate f a i l u r e  p r o b a b i l i t i e s  of ceramic components (Wertz  
and Heitman, 1980). The f a i l u r e  p r o b a b i l i t y  u s i n q  t h e  
normal s t r e s s  averaging method, as extended t o  s u r f a c e  
d i s t r i b u t e d  f l a w  problems, can be c a l c u l a t e d  f rom 
where kwps i s  t h e  p o l y a x i a l  We ibu l l  c r a c k  d e n s i t y  
c o e f f i c i e n t  f o r  s u r f a c e  f laws. T h i s  c o n s t a n t  can be 
o b t a i n e d  by  making t h e  r e s u l t  o f  i n t e q r a t i n q  Eq. ( 3 ) ,  
u s i n g  t h e  normal s t r e s s  unS d i s t r i b u t i o n  on an 
a r b i t r a r y  p lane,  ob ta ined  f rom t h e  reduced, p lane-  
s t r e s s  Cauchy i n f i n i t e s i m a l  t e t r a h e d r o n  i n  p r i n c i p a l  
s t r e s s  space as shown i n  F iq .  4, f o r  u n i a x i a l  s t r e s s  
cases, agree w i t h  t h e  r e s u l t s  ob ta ined  f r o m  t h e  u n i -  
a x i a l ,  two-parameter Weibu l l  equat ion.  U n l i k e  f o r  
volume f l a w  based a n a l y s i s  where c l o s e d  f o r m  i n t e g r a -  
t i o n  i s  poss ib le ,  t h e  p o l y a x i a l  We ibu l l  s u r f a c e  c rack  
d e n s i t y  c o e f f i c i e n t  must be eva lua ted  n u m e r i c a l l y .  
c o n t o u r  i n t e g r a t i o n  i s  performed on t h e  c i r cumfe rence  
o f  t h e  u n i t  c i r c l e  C where t h e  normal s t r e s s  i s  
t e n s i l e  and n e g l e c t i n g  reg ions  where t h e  normal s t r e s s  
i s  compressive.  The c r a c k - l i k e  f l a w s  can t h e n  be 
rega rded  as l o c a t e d  i n  these a r b i t r a r y  p lanes  which a r e  
t a n g e n t  t o  t h e  u n i t  c i r c l e  and a r e  ac ted  upon by  oris 
which i s  induced b y  t h e  p r i n c i p a l  s t r e s s e s  u l s  and 
0 2 ~ .  S ince Eq. ( 3 )  i s  j u s t  t h e  s h e a r - i n s e n s i t i v e  
case  o f  t h e  more qenera l  Batdorf  p o l y a x i a l  s t r e s s  f r a c -  
t u r e  model, i t s  SCARE implementat ion f o l l o w s  a somewhat 
d i f f e r e n t  format.  The p o l y a x i a l  We ibu l l  equa t ion  has 
a l s o  been s e l e c t i v e l y  used i n  t h e  p a s t  (Paluszny and 
Wu, 1977),  b u t  s i n c e  i t  n e q l w t s  t h e  e f f e c t s  o f  shear 
loads, i t  a l s o  underest imates f a i l u r e  f o r  t h e  more 
genera l  l o a d i n q  c o n d i t i o n .  These unconserva t i  ve pre-  
d i c t i o n s  have been recognized e a r l y  i n  ceramic s t r u c -  
t u r e s  and t h e  use o f  a m p l i f i c a t i o n  f a c t o r s  was proposed 
t o  b e t t e r  c o r r e l a t e  p r e d i c t i o n s  w i t h  measurements. 
The 
I n  t h e  p r e v i o u s l y  desc r ibed  two m u l t i d i m e n s i o n a l  
s t r e s s  f r a c t u r e  models, no  m e c h a n i s t i c  f r a c t u r e  c r i t e -  
r i o n  was needed t o  p r e d i c t  impending f a i l u r e .  In p r i o r  
work b y  Ba tdo r f  (1973),  B a t d o r f  and H e i n i s c h  (1978). 
S h e t t y  e t  al., (1984),  and Samos (1982),  a t t e n t i o n  i s  
focused on c r a c k s  and t h e i r  f a i l u r e  under s t r e s s .  
S ince  t h e r e  i s  y e t  no consensus r e q a r d i n q  how t o  t r e a t  
mixed-mode f r a c t u r e ,  even i n  m e t a l l i c  s t r u c t u r e s ,  t h e  
SCARE program i n c l u d e s  seve ra l  f r a c t u r e  c r i t e r i a  and 
f l a w  shapes. These c r i t e r i a  and f l a w  c o n f i q u r a t i o n s  
i n c l u d e  t h o s e  t r a d i t i o n a l l y  t r e a t e d ,  a l t houqh  r e c e n t  
research  i n  ceramic f r a c t u r e  emphasizes more advanced 
f r a c t u r e  c r i t e r i a  and b e t t e r  model ing o f  f l a w  shapes 
( P e t r o v i c ,  1985).  
e lement o f  area AA. The p r o b a b i l i t y  o f  f a i l u r e  
under an a p p l i e d  s t a t e  of  s t r e s s  can  b e  w r i t t e n  as 
Consider  now a sma l l  u n i f o r m l y  s t r e s s e d  m a t e r i a l  
P f s  = Pls  p2s  
where P i s  i s  t h e  p r o b a b i l i t y  o f  e x i s t e n c e  i n  AA 
o f  a c rack  h a v i n g  a c r i t i c a l  s t r e s s  i n  t h e  ranqe o f  
ocr t o  ocr + docr, and PzS denotes t h e  p r o b a b i l i t y  
t h a t  a c rack  o f  c r i t i c a l  s t r e s s  uC w i l l  be o r i -  
en ted  i n  a d i r e c t i o n  such t h a t  an e f f e c t i v e  s t r e s s  nes 
equa ls  o r  exceeds ucr. ocr i s  d e f i n e d  as t h e  
remote, u n i a x i a l ,  normal f r a c t u r e  s t r e s s  o f  a g i v e n  
c rack .  F a i l u r e  w i l l  occu r  when t h e  e f f e c t i v e  s t r e s s  ( a  
f u n c t i o n  o f  chosen c rack  c o n f i q u r a t i o n  and f r a c t u r e  
c r i t e r i o n )  exceeds ocr f o r  a p a r t i c u l a r  crack.  P l S  
has t h e  f o r m  
and 
(5) 
p2s = : 
where NS(ocr) i s  t h e  s u r f a c e  c rack  d e n s i t y  f u n c t i o n  
( t h e  d e n s i t y  o f  c racks  hav inq  a c r i t i c a l  s t r e s s  (acr) 
and w i s  t h e  ang le  i n  p r i n c i p a l  s t r e s s  space c o n t a i n -  
i n g  a l l  t h e  c rack  o r i e n t a t i o n s  f o r  which 
Using t h e  weakest l i n k  theo ry ,  t h e  o v e r a l l  a i  u r e  
p r o b a b i l i t y  can be  c a l c u l a t e d  f r o m  (Samos, 1982) 
uCr. 
The s u r f a c e  c r a c k  d e n s i t y  f u n c t i o n  
m a t e r i a l  p r o p e r t y  which i s  expected t o  be  o f  Weibul 
f o r m  s i n c e  i t  i s  d i r e c t l y  t h e  cause o f  t h e  observed 
We ibu l l  s t r e n g t h  d i s t r i b u t i o n .  However, f o r  va lues 
of  mS >> 1.0, and assuminq t h a t  l a r g e  number o f  
c racks  a r e  sampled, t h a t  i s  u c r  << O ~ , A - ~ ' ~ S ,  t h e  
We ibu l l  d i s t r i b u t i o n  can be approx imated b y  a power 
f u n c t i o n ,  l e a d i n q  t o  
Ns (acr) i s  a 
The su r face  f l a w  d i s t r i b u t i o n  parameters kBs and 
ms . can b e  e v a l u a t e d  f r o m  exper imen ta l  d a t a  u s i n q  
u n i a x i a l  specimens and an a p p r o p r i a t e  f r a c t u r e  c r i t e -  
r i o n .  S ince  c r a c k s  i n  a r e a l  m a t e r i a l  a r e  assumed t o  
have an equal  l i k e l i h o o d  o f  o r i e n t a t i o n ,  and i t  i s  
b e l i e v e d  t h a t  t h e r e  a r e  so many c r a c k s  p resen t  t h a t  
t h e r e  i s  always one c rack  w i t h  t h e  l e a s t - f a v o r a b l e  o r i -  
e n t a t i o n  and t h a t  c rack  g rowth  f r o m  t h i s  f l a w  causes 
f a i l u r e ,  mode I f r a c t u r e  i s  i n t r i n s i c  t o  u n i a x i a l  load- 
i n g  and t h e  c r i t i c a l  normal s t r e s s  f r a c t u r e  c r i t e r i o n  
However, f i n i s h i n g  o p e r a t i o n s  such as q r i n d i n q  and 
env i ronmenta l  damage f r o m  e r o s i o n  o r  o x i d a t i o n  may lead 
t o  a n i s o t r o p i c  s u r f a c e  c o n d i t i o n s ,  which then  must be 
c a r e f u l l y  accounted f o r  i n  m a t e r i a l  c h a r a c t e r i z a t i o n .  
I t  i s  i m p o r t a n t  t o  n o t e  t h a t  t h e  use o f  va r ious  
mixed-mode f r a c t u r e  c r i t e r i a  t o  e v a l u a t e  kBs f r o m  
u n i a x i a l l y  loaded specimens w i l l  r e s u l t  i n  d i f f e r e n t  
co r respond ing  va lues o f  t h i s  f l a w  d e n s i t y  parameter,  
f r o m  which i t  f o l l o w s  t h a t  t h e  component r e l i a b i l i t y  
p r e d i c t i o n s  w i l l  a l s o  change ( S h e t t y  e t  al., 1984).  I n  
f a c t  t h e  use o f  an i d e n t i c a l  mixed-mode f r a c t u r e  c r i t e -  
r i o n  t o  e v a l u a t e  kBs from MOR b a r s  f i r s t ,  and t h e n  
subsequent ly  c a l c u l a t e  m u l t i a x i a l l y  loaded component 
r e l i a b i l i t y  w i t h  i t  w i l l  r e s u l t  i n  c o n t r a d i c t o r y  
t rends ,  where w i t h  i nc reased  s h e a r - s e n s i t i v i t y ,  compo- 
nen t  f a i l u r e  r a t e  p r e d i c t i o n s  w i l l  decrease. I n  t h e  
p resen t  v e r s i o n  o f  SCARE, f a i l u r e  r a t e  p r e d i c t i o n s  
i nc rease  w i t h  i n c r e a s i n q  s h e a r - s e n s i t i v i t y ,  which 
f o l l o w s  f r o m  always assuminq mode I f r a c t u r e  i n  u n i -  
a x i a l  t e s t s .  L i m i t e d  exper imen ta l  d a t a  w i th  m o n o l i t h i c  
ceramics (Samos, 1982) t e n d  t o  Val i d a t e  t h e  p resen t  
approach, and t h e  need f o r  more p e s s i m i s t i c  f a i l u r e  
p r e d i c t i o n s  t h a n  those  o b t a i n e d  f r o m  t h e  e a r l y  phenom- 
e n o l o g i c a l  models i s  e v i d e n t  f r o m  component t e s t  
reco rds .  
s i m p l i f i e d  b y  assuming t h a t  c r a c k s  a r e  shear- 
i n s e n s i t i v e .  F o r  t h i s  case f r a c t u r e  occu rs  when 
aes  = ans 1. aCr 
c rack  shape o r  t h e  m a t e r i a l s  Po isson ' s  r a t i o .  The 
e f f e c t i v e  s t r e s s  j u s t  equa ls  t h e  normal s t r e s s  a c t i n g  
on  t h e  c r a c k  p lane.  
When c r a c k s  a r e  shear -sens i t i ve ,  equa t ions  f o r  
aes  u s i n q  v a r i o u s  f r a c t u r e  c r i t e r i a  can  be  d e r i v e d  by 
e q u a t i n g  s e l e c t e d  parameters,  induced b y  a u n i a x i a l  
normal s t r e s s  a c t i n g  on  a s p e c i f i e d  c r a c k  shape, t o  t h e  
s e l e c t e d  parameters c a l c u l a t e d  f o r  t h e  mixed-mode o r  
m u l t i a x i a l l y  loaded i d e n t i c a l  c r a c k  c o n f i q u r a t i o n .  
Some of t h e  most w i d e l y  used parameters t o  p r e d i c t  
impendinq f a i l u r e  i n c l u d e  t h e  t o t a l  cop lana r  s t r a i n  
energy r e l e a s e  r a t e  o r  c rack  e x t e n s i o n  f o r c e  
t h e  maximum s t r a i n  enerqy r e l e a s e  r a t e  
minimum s t r a i n  enerqy d e n s i t y  Sc, t h e  normal s t r e s s  
oris, and t h e  maximum t a n g e n t i a l  o r  hooo s t r e s s  a e 8 .  
The hax. Sc, and a O 8  f r a c t u r e  oarameters p r e d i c t  
out -of -p lane c rack  extens ion,  and consequent ly ,  a r e  
b e l i e v e d  t o  be  t h e  most accu ra te  f o r  mixed-mode c rack  
propaqat ion.  I n  any event,  f o r  p o l y a x i a l  s t r e s s  
s ta tes ,  t h e  e f f e c t i v e  s t r e s s  i s  a f u n c t i o n  of  
b o t h  ans and T~ where T~ "7,' t h e  shear s t r e s s  
i n  t h e  c r a c k  p lane.  Both ans and T ~ ,  a c t i n q  o n  a 
p lane  whose normal and t h e  maximum p r i n c i p a l  s t r e s s  
d i r e c t i o n  fo rm an ang le  a, can be c a l c u l a t e d  f r o m  con- 
s i d e r i n g  t h e  e q u i l i b r i u m  o f  f o r c e s  i n  F iq .  4 .  Summinq 
fo rces  i n  t h e  normal and t a n q e n t i c a l  d i r e c t i o n s  gives, 
r e s p e c t i v e l y  
. -  - 3  ..--.I L ^  >-a.-.,.:- ; >  " , w a J ,  ",C" L" " C C C  , 1 1 1 1 1 ,  \I I;& 57:z the-,: txt-,. 
The s t a t i s t i c a l  a n a l y s i s  o f  f r a c t u r e  i s  g r e a t l y  
and t h e r e  i s  no  need t o  s p e c i f y  t h e  
Gc, 
Gmax, t h e  
u ={- ( G r i f f i t h  c r a c k )  es 
(10) 
where v i s  Po isson ' s  r a t i o  and Ss i s  t h e  out -of -  
p l a n e  shear  s t r e s s  s i n c e  T~ does n o t  cause c r a c k  
g rowth  i n  a G r i f f i t h  notch.  I n  genera l ,  t h e  t o t a l  
c o p l a n a r  s t r a i n  energy r e l e a s e  r a t e  can b e  expressed i n  
terms o f  s t r e s s  i n t e n s i t y  f a c t o r s ,  sumninq damage i n  
a l l  a p p r o p r i a t e  c rack  g rowth  modes. From e q u a l i t y  o f  
cross-shears,  Ss  = T~ and Eq. ( 9 )  can b e  used 
t o  e v a l u a t e  aes f o r  b o t h  c racks .  
The ang le  w depends on  t h e  f r a c t u r e  c r i t e r i o n  
se lec ted ,  t h e  assumed c rack  c o n f i g u r a t i o n  and on  t h e  
a p p l i e d  s t r e s s  s t a t e .  Closed f o r m  exp ress ions  f o r  w 
can be  d e r i v e d  f o r  some f r a c t u r e  c r i t e r i a  i n  u n i a x i a l  
and e q u i b i a x i a l  s t r e s s  s t a t e s  (Samos, 1952).  Assuminq 
a u n i a x i a l  s t r e s s  u + ~  = as, and t h e  normal s t r e s s  
( s h e a r - i n s e n s i t i v e )  r a c t u r e  c r i t e r i o n ,  we o b t a i n  f r o m  
Eq. ( 9 )  a t  ans = acr, a = acr, and w = 2acr t h a t  
Note t h a t  when a s h e a r - s e n s i t i v e  f r a c t u r e  c r i t e r i o n  i s  
used, t h e  c r a c k  shape must a l s o  b e  s p e c i f i e d .  I n  
genera l ,  f o r  two-dimensional  s t r e s s  s t a t e s ,  w must b e  
determined n u m e r i c a l l y .  Us ing  t h e  s h e a r - i n s e n s i t i v e  
case as an example, we o b t a i n  a t  f r a c t u r e  
n 
I f  we d e f i n e  K = a2s!a and we n o t e  t h a t  
acp = w/2, Eq. (12 )  y i e f 8 s  
I n  o r d e r  t o  avo id  s i n g u l a r  c o n d i t i o n s  ( a i s  = 
i n  Eq. (13),  t h e  f o l l o w i n q  c o n s t r a i n t s  must be  imposed 
i n  c a l c u l a t i n g  PzS:  
i f  (ac r /a l s  - K ) / ( l - K )  < 0.0 t h e n  
if ( a C r / a l S  - K ) / ( l - K )  > 1.0 t h e n  
w = n 
w = o 
A s i m i l a r  procedure can  be  f o l l o w e d  f o r  t h e  shear-  
However, f o r  t h e  G r i f f i t h  n o t  h i t  i s  compu- 
s e n s i t i v e  G r i f f i t h  c r a c k  u s i n g  b o t h  o f  Eq. ( 9 )  i n  
Eq. (10). 
t h e  f r a c t u r e  c o n d i t i o n  aes 2 acr can b e  w r i t t e n  
as (Samos, 1982) 
t a t i o n a l l y  conven ien t  t o  d e f i n e  4 = cos 'i aCrr so t h a t  
c142 + c24 + c 3  = 0 (14) 
Using t h e  Gc c r i t e r i o n  and t h e  two s e l e c t e d  c rack  
c o n f i g u r a t i o n s ,  t h e  e f f e c t  i ve s t r e s s  equa t ions  obta ined 
a r e  (Samos, 1982) 
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S o l v i n g  f o r  + g i v e s  
-c2 *+; - 4c1c3 
( 1 5 )  
2 + = C O S  a = 
c r  2 C l  
where 
c1 = (1 - K)? (1 - G) 0.795 
c 2  = (1 - K )  k K  + ( 1  - K)- 0 ' 7 g 5 ]  ( 1 6 )  
c 3  = K2 -(z)' 
. I  
From Eq. ( 1 5 ) ,  a c r  = Consequent ly,  
F o l l o w i n g  an analoqous procedure t o  t h e  above i n  u s i n q  
f r a c t u r e  c r i t e r i a  and f l a w  shapes, s i m i l a r  express ions 
f o r  PzS i n  terms o f  p r i n c i p a l  s t r e s s e s  and uCr can 
be  developed. R e s u l t s  o f  t h i s  a n a l y s i s  a r e  summarized 
i n  Tab le  I and d e t a i l s  a re  q i v e n  b y  Samos (1982).  I n  
a d d i t i o n ,  s p e c i a l  s t r e s s  s ta tes  such as t h e  e q u i b i a x i a l  
l o a d i n g  case where K = 1.0 and when Eq. (17 )  becomes 
s i n g u l a r ,  a r e  t r e a t e d .  
The equa t ions  i n  Table I a p p l y  o n l y  when Oris i s  
t e n s i l e .  When a compressive normal s t r e s s  s t a t e  
e x i s t s ,  t h e  ang le  where the  normal s t r e s s  changes f r o m  
t e n s i l e  t o  compressive i s  c a l c u l a t e d .  T h i s  t r a n s i t i o n  
a n q l e  d i v i d e s  a l l  p o s s i b l e  c rack  o r i e n t a t i o n s  i n t o  a 
t e n s i l e  normal s t r e s s  reg ion  and a compressive normal 
s t r e s s  reg ion ,  where each r e g i o n  has a d i f f e r e n t  e f fec -  
t i v e  s t r e s s  equat ion.  I n  the  compressive s t r e s s  r e q i o n  
uns i s  s e t  equa l  t o  zero, and w i th  f r i c t i o n  between 
c r a c k  faces  iqnored,  ues i s  a f u n c t i o n  o f  o n l y  t h e  
a p p l i e d  shear load.  I n  each r e q i o n ,  t h e  anqle a t  which 
o = uCr i s  c a l c u l a t e d .  T h i s  anq le  f u r t h e r  d i v i d e s  
t t e  r e g i o n  i n t o  areas where ues 2 uCr and oeS < acr. 
I f  t h e r e  i s  no  such anq le  w i t h i n  t h e  q i v e n  req ion ,  t h e n  
e i t h e r  t h e r e  i s  no c o n t r i b u t i o n  t o  w f r o m  t h a t  r e q i o n  
o r  t h e  e n t i r e  r e g i o n  i s  inc luded.  
p a r i n q  ues t o  aCr f o r  a s e l e c t e d  anqle a 
i d e n t i f i e s  which subreqion, o r  whether t h e  whole 
r e g i o n ,  c o n t r i b u t e s  t o  W .  A f t e r  d e t e r m i n i n q  each w 
f r o m  t h e  t e n s i l e  and compressive r e q i o n s  separa te l y ,  
t h e  t o t a l  ang le  w i s  s imply  t h e  sum o f  t h e  two 
c o n t r i b u t i o n s .  
a l s o  been p r e v i o u s l y  developed, where t h e  angTe a i s  
incremented ove r  t h e  u n i t  c i r c l e ,  and a t  each d i s c r e t e  
p o i n t  t h e  c o n t r i b u t i o n  o f  oris o r  ues i s  summed 
depending on whether  t h e y  are equal  o r  g r e a t e r  t h a n  
S ince  oCr i s  always p o s i t i v e ,  compressive 
onS o r  ues w i l l  never  c o n t r i b u t e  t o  f r a c t u r e .  
The same method can a l s o  be used i n  volume f l a w  based 
f a i l u r e  a n a l y s i s ,  where t w o  anqles must be  incremented 
s o  t h a t  t h e  s t r e s s e s  a r e  checked a t  a l l  p o i n t s  on  t h e  
u n i t  sphere. 
p r e v i o u s  method used t o  c a l c u l a t e  Pps, i s  computa- 
t i o n a l l y  much more i n tens i ve .  
employs t h e  more e f f i c i e n t  approach and t h e  equa t ions  
summarized i n  Table I a r e  coded t o  c a l c u l a t e  c r i t i c a l  
c r a c k  o r i e n t a t i o n s .  
I n  t h e  SCARE proqram the  r e q u i r e d  i n t e q r a t i o n  i s  
per formed b y  u s i n q  Gaussian auadratures.  
power f u n c t i o n  f o r m  o f  Ns(ocr) and t h e  a p p r o p r i a t e  
A c a l c u l a t i o n  com- 
An a l t e r n a t e  approach t o  c a l c u l a t i n q  P2 has 
T h i s  procedure, when compared t o  t h e  
Consequent ly,  SCARE 
Employinq t h e  
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e q u a t i o n  f o r  P2 i n  Eq. (71, t h e  f a i l u r e  p r o b a b i l -  
i t y  u s i n q  t h e  B a i d o r f  approach f o r  s u r f a c e  f l a w s  can he  
c a l c u l a t e d .  U n l i k e  f o r  volume f l a w  a n a l y s i s  where a 
doub le  numer i ca l  i n t e q r a t i o n  i s  q e n e r a l l y  requ i red ,  
s u r f a c e  f l a w  a n a l y s i s  uses o v l y  a s i n q l e  i n t e q r a t i o n  
f o r  t h e  c r i t i c a l  s t r e s s .  Assuminq t h a t  t h e  s t r e s s  
s t a t e  i s  c o n s t a n t  i n  any q i v e n  s h e l l  e lement ( S C A R E 1  
v e r s i o n )  o r  subelement (SCARE2 ve rs ion ) ,  t h e  area i n t e -  
g r a t i o n  o v e r  t h e  m a t e r i a l  su r face  becomes t r i v i a l .  F o r  
component r e l i a b i l i t y  a n a l y s i s ,  t h e  e lemen ta l  s u r v i v a l  
p r o b a b i l i t i e s  a r e  summed acco rd inq  t o  e s t a b l i s h e d  prob-  
a b i l i t y  axioms, t h a t  i s ,  we e v a l u a t e  t h e  p roduc t  o f  a l l  
t h e  i n d i v i d u a l ,  c o n s t a n t  s t r e s s  s t a t e  e lementa l  r e l i -  
a b i l i t i e s .  F o r  two  m u t u a l l y  e x c l u s i v e  events,  such as 
t h e  c a l c u l a t i o n  o f  P f s  and P,,, i t  i s  w e l l  known 
t h a t  f o r  a g i v e n  area increment  t h e i r  sum i s  always 
u n i t y ,  where Pss denotes su r face  s u r v i v a l  proba- 
b i l i t y .  F i n a l l y ,  i f  a component i n c l u d e s  
two c o n c u r r e n t  modes o f  p o s s i b l e  f a i l u r e ,  such as due 
t o  s imul taneous i n t e r n a l  o r  e x t e r n a l  f l aws ,  i t s  t o t a l  
r e l i a b i l i t y  can be  determined f r o m  t h e  p r o d u c t  o f  i t s  
i n d i v i d u a l  cause r e l i a h i l  i t i e s .  
MATERIAL STRENGTH CHARACTERIZATION 
U n i a x i a l  ceramic s t r e n q t h  d a t a  i s  u s u a l l y  ob ta ined  
f r o m  f l e x u r e  t e s t i n g  s i m p l e  qeometry specimens, and 
r e c o r d i n g  t h e  extreme f i b e r  t e n s i l e  s t r e s s  i n  t h e  most 
h i g h l y  loaded area a t  f r a c t u r e .  The W e i b u l l  parameters 
uos and mS as w e l l  as t h e  B a t d o r f  f l a w  d e n s i t y  
paramenter kBs ,a re  eva lua ted  i n  SCARE u s i n q  f o u r -  
p o i n t  MOR da ta  w i t h  known qenvetry .  F r a c t u r e  i s  some- 
t imes  assumed t o  always occu r  between t h e  s y m m e t r i c a l l y  
p l a c e d  i n n e r  l oads  on  t h e  t e n s i l e  s i d e  (Samos, 1982), 
b u t  i n  SCARE an  e f f e c t i v e  area i s  used wh ich  p e r m i t s  
f a i l u r e  i n  any t e n s i l e  loaded a r e a l  e lement o f  t h e  b a r  
(Gov i l a ,  1983).  I t  shou ld  be no ted  t h a t  f o r  u n i a x i a l  
t e n s i l e  l o a d i n q  t h e  e f f e c t i v e  area A, reduces t o  
A, t h e  specimen gauqe s u r f a c e  area. I n  a l l  o t h e r  t y p e s  
o f  l oad ing ,  A, i s  a f u n c t i o n  o f  specimen qeometry 
and m a t e r i a l  We ibu l l  modulus. I f  we express t h e  u n i -  
a x i a l  f l e x u r e  f a i l u r e  p r o b a b i l i t y  i n  terms o f  t h e  maxi-  
mum ext reme f i b e r  f r a c t u r e  s t r e s s  
We ibu l l  form, t h a t  i s  
o r  MOR u s i n q  
p f s  = 1 - exp [- cs:] 
t h e n  a f t e r  e v a l u a t i n g  C, and ms b y  t h e  l e a s t -  
squares method, uOs and kBs can be  c a l c u l a t e d .  
Using t h e  e f f e c t i v e  area f o r  a r e c t a n g u l a r  beam i n  
f o u r - p o i n t  bending (Gov i l a ,  1983) 
where L 1  i s  t h e  l e n q t h  between t h e  o u t e r  loads, L7 
i s  t h e  l e n g t h  between t h e  i n n e r  loads ,  w 
w id th ,  and h i s  t h e  beam h e i q h t ,  we can r e w r i t e  
Eq. (1) as - -l 
i s  t h e  beam 
P f s  = 1 - exp 1- A e o  ( 2 0 )  
o s  
Comparing Eqs. (18) and (20) where i n  b o t h  e q u a t i o n s  
t h e  maximum extreme f i b e r  s t r e s s  i s  used as t h e  r e f e r -  
ence value, we conclude t h a t  f o r  t h e  same f a i l u r e  
p r o b a b i l i t y ,  
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OF POOR QUALITY 
I n  a d d i t i o n  t o  d e t e r m i n i n q  o O s  and ms, t h e  
V A R F  nrnr j rnm rQfl i i i re< knowlpdap o f  kZs.  Assumina 
s h e a r - i n s e n s i t i v e  f r a c t u r e ,  Eq. (11) can be 
s u b s t i t u t e d  i n t o  Eq. ( 7 )  t o  o b t a i n  
r 
L -I 
Tak ing  t h e  n a t u r a l  l o g  o f  Eq. (22 )  and i n t e g r a t i n g  by 
p a r t s  y i e l d s  
where A, i s  q i v e n  by  Eq. (19 )  (Ae 
f o u r - p o i n t  bend specimen. Equa t ion  
i n t e g r a l  e q u a t i o n  w i t h  t h e  s o l u t i o n  
Chang, 1977) 
zz wL2) f o r  t h e  
(23 )  i s  an Abel 
( B a t d o r f  and 
4- dais 
From Eq. ( 1 8 )  w i t h  0 1 ~  = o f  as t h e  r e f e r e n c e  
s t r e s s  
I n t r o d u c i n q  a new v a r i a b l e  n d e f i n e d  as 
r( = ( 2 0  s / ~ c r )  - 1 and s u b s t i t u t i n q  Eq. (25 )  i n t o  
Eq. (241, we o b t a i n  
-m 
S Now f rom Eq. (21)  C s  = AeaOS , and consequent ly  
and Ae  can be e l i m i n a t e d  f rom Eq. and aos 
used i n s t e a d .  S ince NS(ucr) = kBs  aCr, k B S  can be 
eva lua ted  b y  n u m e r i c a l l y  i n t e g r a t i n g  Eq. (26 )  u s i n q  
Gaussian quadra tu res .  S ince a i s  used, t h e  
e f f e c t i v e  a rea  g i v e n  b y  Eq. (199 i s  i n h e r e n t  i n  NS(acr). 
I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  Nq(ocr)  can be d e t e r -  
mined more e a s i l y  f rom e q u i b i a x i a  
f o r  a i s  = qS = 
C s  
S 
t e n s i l e  t e s t s  s ince  
= a, ~ / n  = 1.0 and 
where Aeb i s  t h e  e f f e c t i v e  e q u i b i a x i a l l y  loaded 
t e n s i l e  area and t h e  e q u i b i a x i a l  f a i l u r e  r a t e  i s  
assumed t o  a l s o  f o l l o w  Eq. (18 ) .  When u s i n q  t h e  l e a s t  
squares method w i t h  Eq. (18 )  t o  e v a l u a t e  C s  and 
mS, P f s  can be determined f rom ranked f r a c t u r e  s t r e s s  
d a t a  u s i n g  t h e  s imp le  e q u a t i o n  
7 
where N i s  t h e  t o t a l  number o f  u n i a x i a l  o r  e q u i b i -  
a x i a l  t e s t s  and j i s  t h e  rank o f  t h e  s u r f a c e  f r a c t u r e  
s t r e s s  a j s .  
EXAMPLE 
I n  o r d e r  t o  t e s t  t h e  su r face  c rack  d i s t r i b u t e d  
r e l i a b i l i t y  a n a l y s i s  i n  SCARE, s e v e r a l  example problems 
were analyzed f rom t h e  open l i t e r a t u r e .  I n  a d d i t i o n ,  
t h e  r o t a t i o n a l l y  loaded, s i l i c o n  n i t r i d e  annu la r  d i s k  
(Gyekenyesi ,  1986) was reana lyzed  assuminq t h a t  f r a c -  
t u r e s  i n  t h e  MOR b a r s  as w e l l  as t h e  d i s k s  were caused 
b y  s u r f a c e  f l a w s .  The We ibu l l  modulus mS was s e t  
equal  t o  m = 7.65 as be fo re ,  b u t  t h e  p r e v i o u s l y  used, 
volume f l a w  based s c a l e  parameter a0, was read, justed 
so t h a t  P f  = P f s  
l oaded  i n  u n i f o r m  t e n s i o n .  As a r e s u l t  o f  t h i s  
requi rement ,  we o b t a i n  f o r  t h e  f o u r - p o i n t  bend spec i -  
men t h a t ,  
i n  t h e  MOR bars,  when b o t h  a r e  
os 
From Gyekenyesi 1986 , a0 = 74.82 MPa m'.3922 
(45,800 p s i  i n .  and t h e  "A-size' '  t e s t  b a r s  had 
d imensions o f  
(0.125 in . ) ,  L1 = 1.905 cm (0.75 i n . )  and 
L2 = 0.9525 cm (0.375 i n . ) .  
and V e  i s  t h e  e f f e c t i v e  volume i n  f o u r - p o i n t  bending, 
t h a t  i s  
w = 0.635 cm (0.25 i n . ) ,  h = 0.3175 cm 
i s  g i v e n  by  Eq. ( 1 9 )  A, 
Us ing t h e  g i v e n  d t Eq. (29 ) .  we o b t a i n  h a t  
anC = 232.0 MPam B-h6ia (87.891 p s i  i n .  The 
d?&nsions o f  t h e  d i s k  a r e  g i ven  i n  F i g .  5, arld t h e  
same MSC/NASTRAN a n a l y s i s  wzls per formed as f o r  volume 
f l a w s  w i t h  t h e  e x c e p t i o n  t h a t  s h e l l  e lements were 
added t o  i d e n t i f y  e x t e r n a l  su r faces ,  t o  c a l c u l a t e  
t h e i r  areas and t o  i d e n t i f y  a p p r o p r i a t e  s u r f a c e  s t r e s s  
s t a t e s .  R e l i a b i l i t y  c a l c u l a t i o n s  were made a t  va r ious  
speeds u s i n g  s e v e r a l  s u r f a c e  crack f r a c t u r e  models. 
Se lec ted  r e s u l t s  f r o m  these analyses a r e  shown i n  
F i q .  5 and Tab le  11. F o r  a q i v e n  speed, f a i l u r e  prob-  
a b i l i t i e s  a r e  c o n s i d e r a b l y  l e s s  t h a n  those  ob ta ined  b y  
Gyekenyesi  (1986) f o r  a l l  f r a c t u r e  vode ls ,  i n d i c a t i n q  
t h a t  f a i l u r e  was most l i k e l y  due t o  volume f l a w s  as 
o r i g i n a l l y  concluded. Obvious ly ,  t h e  main reason f o r  
t h e  g r e a t l y  decreased f a i l u r e  e s t i m a t e s  i s  t h e  much 
h i g h e r  e q u i v a l e n t  s u r f a c e  We ibu l l  s c a l e  parameter oos. 
R e s u l t s  f o r  t h e  s h e a r - s e n s i t i v e  G r i f f i t h  c rack  and 
n o t c h  were p r a c t i c a l l y  i d e n t i c a l ,  w i t h  t h e  no tch  be inq  
s l i g h t l y  more s h e a r - s e n s i t i v e  as expected. The impor- 
t a n c e  o f  post-mortem f r a c t o g r a p h y  t o  i d e n t i f y  t h e  
n a t u r e  o f  t h e  f r a c t u r e  causing f l a w s  i s  e v i d e n t  f r o m  
t h e  two w i d e l y  d i f f e r e n t  s e t  o f  answers ob ta ined  f o r  
t h e  same problem. Furthermore, t h e  d i f f e r e n c e  between 
p r e d i c t i o n s  f r o m  va r ious  a v a i l a b l e  s u r f a c e  crack f rac -  
t u r e  t h e o r i e s  f o r  a s p e c i f i e d  l o a d i n q  i s  c o n s i d e r a b l y  
l e s s  than  t h e  d i f f e r e n c e  found i n  volume f l a w  based 
f s i l u r c  models. 
based analyses f o r  t h e  same ceramic s t r u c t u r e ,  f a i l u r e  
p r o b a b i l i t y  was c a l c u l a t e d  f o r  a t r a n s v e r s e l y  loaded 
c i r c u l a r  a lumina d i s k  and compared t o  d a t a  o b t a i n e d  b y  
Brockenbrough e t  a l .  (1985). T h i s  d a t a  c o n s i s t e d  o f  
c a l c u l a t e d  f a i l u r e  p r o b a b i l i t i e s  ob ta ined  f r o m  u s i n q  
B a t d o r f ' s  s h e a r - i n s e n i t i v e  f r a c t u r e  t h e o r y  i n  conjunc-  
t i o n  w i t h  t h e  f i n i t e  element a n a l y s i s  code ANSYS. The 
s e l e c t e d  d i s k  had an ou ts ide  r a d i u s  
(0.984 i n . ) ,  a t h i c k n e s s  o f  
was loaded b y  a c i r c u l a r  l i n e  l o a d  a t  
(0.059 i n . )  and was s imp ly  suppor ted a t  a r a d i u s  o f  
22 mm (0.866 in . ) .  A f t e r  match inq t h e  s t r e s s  so lu -  
t i o n s  f o r  a q i v e n  l o a d  from t h e  two d i f f e r e n t  f i n i t e  
element codes (MSC/NASTRAN and ANSYS), t h e  f a i l u r e  
p r o b a b i l i t i e s  were c a l c u l a t e d  a t  va r ious  loads .  
T y p i c a l l y ,  t o  o b t a i n  a 
a t o t a l  l i n e  l o a d  o f  1105 N (246.3 l b ) ,  w h i l e  accord- 
i n g  t o  Brockenbrough e t  a l .  (1985)  ( c o r r e c t e d  v e r s i o n )  
d l i n e  l o a d  o f  approx imate ly  1130 N (253.9 l b )  had t o  
be app l i ed ,  showinq qood agreement between t h e  two l o a d  
p r e d i c t i o n s .  
CONCLUSION S 
In a d d i t i o n  t o  comparinq s u r f a c e  and volume f l a w  
ro = 25 mm 
t = 2.5 mm (0.098 in . ) ,  
r = 1.5 mm 
Pfs  = 0.50, SCARE2 p r e d i c t e d  
The genera l  purpose, s t a t i s t i c a l ,  f a s t  f r a c t u r e  
f a i l u r e  p r o b a b i l i t y  code SCAPE has been enhanced t o  
i n c l u d e  t h e  p o s s i b i l i t y  o f  f a i l u r e  due t o  two con- 
c u r r e n t  b u t  n o t  i n t e r a c t i n g  f l a w  popu la t i ons .  
t i o n ,  r e l i a b i l i t y  a n a l y s i s  w i t h  l i n e a r  f i n i t e  elements 
i s  now a l s o  p o s s i b l e .  
o f  w i d e l y  used p o l y a x i a l  f r a c t u r e  models, a p p r o p r i a t e  
extreme value s t a t i s t i c s  and t h e  a b i l i t y  t o  c a l c u l a t e  
m a t e r i a l  f a i l u r e  d i s t r i b u t i o n  parameters f o r  b o t h  vo l -  
ume and s u r f a c e  d i s t r i b u t e d  f l aws .  Cur ren t  work 
i n c l u d e s  t h e  p lanned a d d i t i o n  o f  more advanced inc reas -  
i n g l y  s h e a r - s e n s i t i v e  f a i l u r e  c r i t e r i a  which p e r m i t  
out -of -p lane c rack  extens ion f o r  b o t h  t ypes  of  imper- 
f e c t i o n s .  I n  a d d i t i o n ,  the  i n f l u e n c e  o f  b imodal f l a w  
p o p u l a t i o n s  on  i n d i v i d u a l  m a t e r i a l  parameters,  t h rouqh  
censored d a t a  a n a l y s i s ,  needs t o  be  determined. 
F i n a l l y ,  t h e  problem o f  a t r a n s v e r s e l y  loaded c i r c u l a r  
p l a t e  w i l l  b e  anewly s tud ied  t o  r e s o l v e  some of t h e  
c o n t r a d i c t o r y  t r e n d s  repo r ted  by  R u f i n  e t  a l .  (1984) 
and S h e t t y  e t  a1 . (1984).  
REFERENCES 
I n  add i -  
The proqram i n c l u d e s  a number 
1. Ba tdo r f ,  S.B., "Fundamentals o f  t h e  S t a t i s t i c a l  
Theory o f  F rac tu re , "  F r a c t u r e  Mechanics o f  
Ceramics, Vo l .  3-Flaws and Test inq,  R.C. Bradt ,  
D.P.H. Hasselman, and F.F. Lange, eds., Plenum 
Press,  1978, pp. 1-30. 
2. Batdor f ,  S.B., "Fracture S t a t i s t i c s  o f  I s o t r o p i c  
B r i t t l e  M a t e r i a l s  w i t h  Sur face Flaws," A i r  Fo rce  
Systems Command, A i r  Force Rep. No. 
SAMSO-TR-73-378, 1973. 
3. Batdor f ,  S.B., and Chanq, D.J., "On t h e  R e l a t i o n  
Between t h e  F r a c t u r e  S t a t i s t i c s  o f  Volume 
D i s t r i b u t e d  and Surface D i s t r i b u t e d  Cracks," 
U n i v e r s i t y  o f  C a l i f o r n i a  a t  Los Anqeles, 
UCLA-ENG-7723, Feb. 1977. 
4. Ba tdo r f ,  S.B., and He in i sch ,  H.L. Jr., " F r a c t u r e  
S t a t i s t i c s  o f  B r i t t l e  M a t e r i a l s  w i t h  Surface 
Cracks," Eng ineer ing  F r a c t u r e  Mechanics, Vo l .  10, 
5. Brockenbrouqh, J.R., Forsythe,  L.E., and R o l f ,  R.L., 
" R e l i a b i l i t y  o f  B r i t t l e  M a t e r i a l s  i n  Thermal Shock," 
A lcoa L a b o r a t o r i e s ,  AL Rep. No. 52-85-22, 1985. 
6. Gov i l a ,  R.K., " S t a t i s t i c a l  S t r e n q t h  E v a l u a t i o n  o f  
NO. 4, 1978, PP. 831-841. 
Hot-Pressed Si3N4, American Ceramic S o c i e t y  
B u l l e t i n ,  Vo l .  62, No. 11, Nov. 1983, pp. 1251-1258. 
7. Gyekenyesi, J.P., "SCARE: A Postprocessor  Proqram 
t o  MXINASTRAN f o r  R e l i a b i l i t y  A n a l y s i s  o f  .. . , 
S t r u c t u r a l  Ceramic Components," Jou rna l  of 
Enq ineer inq  f o r  Gas Tu rb ines  and Power, Vol .  108, 
No. 3, J u l y  1986, pp. 540-546. 
8. Johnson, C.A., " F r a c t u r e  S t a t i s t i c s  o f  M u l t i p l e  
F law D i s t r i b u t i o n s , "  F r a c t u r e  Mechanics o f  
Ceramics, Vol .  5-Surface Flaws, S t a t i s t i c s ,  and 
Y ic roc rack inq ,  R.C. Bradt ,  A.G. Evans, 
D.P.H. Hasselman, and F.F. Lanqe, eds., Plenum 
Press, Yew York, 1983, pp. 365-386. 
o f  Des iqn inq  w i t h  Ceramics," Jou rna l  of 
Enq ineer inq  f o r  Power, Vo l .  99, No. 4, Oct.  1977, 
9. Paluszny, A., and Wu, W., " P r o b a b i l i s t i c  Aspects  
pp. 617-630. 
10. P e t r o v i c .  J.J.. "Mixed-Mode F r a c t u r e  of Hot-  
Pressed SijN4," Jou rna l  o f  t h e  American 
Ceramic Society ,  Vol .  68, No. 6, June 1985, 
PP- 348-355- 
11. Ru f in ,  A.C., Samos, D.R., and B o l l a r d ,  R.J.H., 
" S t a t i s t i c a l  F a i l u r e  P r e d i c t i o n  Models f o r  B r i t t l e  
M a t e r i a l s , "  A I A A  Journal ,  Vol .  22, NO. 1, 
Jan. 1984, pp. 135-140. 
12. Samos, n.R., "Exper imenta l  I n v e s t i q a t i o n  and 
P r o b a b i l i t y  o f  F a i l u r e  A n a l y s i s  o f  P ressu re  Loaded 
Alumina Discs," M.S. Thesis ,  U n i v e r s i t y  of  
Washinqton, 1987. 
13. She t t y ,  D.K., Rosen f ie ld ,  A.R., and 
Duckworth, W.H., 
" S t a t i s t i c a l  A n a l y s i s  o f  S i z e  and S t r e s s  S t a t e  
E f f e c t s  on t h e  S t r e n g t h  o f  an Alumina Ceramic," 
Yethods f o r  Assess inq t h e  S t r u c t u r a l  R e l i a b i l i t y  
o f  B r i t t l e  M a t e r i a l s ,  ASTM-STP-844, S.W. Freiman 
and C.M. Hudson. eds.. American S o c i e t y  f o r  
T e s t i n g  and M a t e r i a l s ;  P h i l a d e l p h i a ,  PA, 1984, 
14. Weibul l ,  W . ,  "A  S t a t i s t i c a l  Theory o f  t h e  S t r e n q t h  
o f  Ma te r ia l s , "  I n q e n i o r s  Vetenskaos Akademien 
Handl inqer ,  No. 151, 1939. 
pp. 57-80. 
15. Wertz, J.L., and Heitman. P.W., " P r e d i c t i n q  t h e  
Re1 i a b i l i t y - o f  Ceramic T u r b i n e  Components," 
Advanced Gas T u r b i n e  Systems f o r  Automobi les,  
SAE-SP-465, S o c i e t y  o f  Automot ive Enqineers,  1980, 
pp. 69-77. 
8 
TABLE I .  - FORMS OF P2s FOR VARIOUS SHEAR-SENSITIVE FRACTURE CRITERIA 
AND SELECTED SURFACE CRACK CONFIGURATIONS ( ans I S  TENSILE) 
F r a c t u r e  
c r i t e r i o n  
Coplanar 
s t r a i n  energy 
r e l e a s e  r a t e  
( G c )  
Crack 
o n f i g u r a t i o n  
r i f f i t h  c rack  
(G.C.) 
k i f f i t h  notcb 
(G.N.) 
09, 
P2s where K = 
a1 s 
f [(g) 1s - K j / l  - K2) < 0, t h e n  w = K 
f [$) - K j / ( l  - K 2 )  > 1.0, t h e n  w = 0 
w = n i f a  > a  I w = 0 if als < a 1s - c r  c r  if K = 1.0 t h e n  
dhere 
c1 = 
c 2  = 
and 
1 - K ) 2  [1 -E]; 
1 - K )  2 K + =  [ 
2 
c3 = K 2  - (E) 
1 
w = K if a2s 2 acr 
2s  < ‘cr w = O i f a  I i f  c2  - 4c1c3 < 0, t h e n  
-c 2 + 4-
and b2 = 
-c2 - ic- 
2cl 
L e t  o1 = 
+l < 0.0 and e2 < 0.0 
2s  1. ‘cr 
2s < ‘cr 
o r  < 0.0 and b2 > 1.0 w = n i f a  
o r  b1 > 1.0 and b2 < 0.0 w = O i f a  
i f  then  I 
o r  +1 > 1.0 and m2 > 1.0 I 
w = n i f a  IS ‘cr 
‘ ‘cr w = 0 i f  als I if K = 1.0 t h e n  
TABLE 11. - EXAMPLE 1 FAILURE PROBABILITIES AS A FUNCTION OF ROTATIONAL 
0.0031 
.0078 
.0304 
SPEED FOR V A R I O U S  FRACTURE MODELS 
[ms = 7.65; oos = 232.0 #Pa (m)0.2614; ksSo,Ss = 4.986; NGP = 151 
m 
0.0034 0.0044 
.OOB7 .0113 
.0339 .0438 
Angular  
speed, 
Pm 
.0898 
.1796 
.3309 
80 000 
85  000 
93 000 
100 000 
105 000 
110 000 
115 000 
120 000 
125 000 
130 000 
.0996 .1276 
.1979 .2496 
.3610 -4418 
-. . 
SCARE2 (HEXA AND QUAD8 elements) 
.5889 I .6857 
*5497 .7828 1 .8176 .8908 
.9417 .9579 .9838 
.9945 I .9970 I 1.0000 
I 
0.0045 
.0114 
.044 1 
.1283 
.2508 
.4436 
.6877 
.8922 
.9842 
l.OO90 
1 
Exper imen ta l  
(Fo rd  Motor  C O . ) ~  
(Gyekenyesi, 1986) 
0.2017 
.3367 
.6321 
.8714 
.9640 
.9949 
.9997 
1.0000 
1.0000 
1.0000 
G.C. - G r i f f i t h  c rack  
G.N. - G r i f f i t h  no tch  
aExperimental d a t a  f i t t e d  t o  a We ibu l l  equa t ion  and c a l c u l a t e d  a t  t h e  speeds shown. 
*ELEM IS  ONLY 
CALLED ONCE 
PER PROGRAH 
EXECUTION 
TEMPERATURE MSC/NII 
(CRA 
I 
ELASTIC STRESS 
ANALYSIS 
I 
PRINTOUT F I L E  PUNCH FILE-BULK 
ELE. VOLURS. AREAS DATA. ELE. STRESS 
/ I  START SUBROUTINE *~ 1 (-) 
c- 
I 
/ HEAD € L E E K  VOLUMES. AREAS Y FROM UNIT 3 
\ 
\ 
\ 
\ 
STRESSES 
I 
I 
START SCARE 
W I N  PROGRAM : -  I POST-P (IM SCARE2 
I 
L- CALL ELEM* 
STRAN 
I 
I Do ANALYSIS 
(VOL. AND/OR SURF. ) I 
I I 
I FRACTURE 
I STRESS DATA 
I CALL GAUSS'TO F I N D  
1 MEIGHTS AND LOCATIONS 
I FOR N POINT QUAD. 
I OR m, kg, Oo 
I 
I I 
I 
I 
I 
I 
I 
I I 
I I  DETERMI NE I I 
I 
\ 
I 
DETERMINE Pf OF MODEL 
I 
\ I 
OUTPUT TO UNIT 1 CALL PRINT0 
I 1 
W )  
KESSOR 
\  
F I N D  Pf FOR EL€. ?- TO FIND Pf FOR ELE. 
\ ,
\ I -  I 
@ 
FIGURE 1. - COMPUTATIONAL ELEMENTS OF THE SCARE2 R E L I A B I L I T Y  ANALYSIS  PROGRAM. 
70) 
MAIN PROGRAM F 
SUBROUTINE ANGLE P I A  - PRINCIPLE OF 
INDEPENDENT 
ACT I ON 
SHEAR- INSENSITIVE 
CRACKS 
SHEAR-SENSI TIVE U CRACKS 
ID2=4 0 ID2=1 0 
WEIBULL PIA NORMAL STRESS 
FLAW SHAPE 
c 
FLAW SHAPE 
NOT SPECIFIED 
I D2=3 0 
I STRAIN ENERGY RELEASE I RATE CR ITER ION 
f 
RETURN 01 
FIGURE 2. - FLOWCHART FOR SUBROUTINE ANGLE BASED ON SURFACE FLAW FRACTURE ANALYSIS.  
IOLUMNS 
1-5 
6-10 
11-15 
16-20 
21-25 
VAR I ABLE 
I D 1  
I D2 
I D3 
I D4 
IPRINT 
ENTRY AND DESCR I P T I  ON 
CONTROL INDEX FOR EXPER I MENTAL DATA 
2: 4-PT. BENDING TEST DATA 
3: ALL - THE MATERIAL PARAMETERS m s t  (Jose 
k, ARE KNOWN AS INPUT 
CONTROL INDEX FOR FRACTURE CR ITER I A 
1 : SHEAR-INSENSITIVE, NORMAL STRESS 
CRITERION 
3: TOTAL ENERGY RELEASE RATE CRITERION 
4: WEIBULL P I A  SHEAR-INSENSITIVE MODEL 
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